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$-$ $F(x, u1, \ldots, u\ell)$ $(s_{1}, \ldots, s_{\ell})$
1 $F(x, s_{1}, \ldots, S_{l})$
2 1989 Kuo $[\mathrm{K}\mathrm{u}\mathrm{o}89]\text{ }$









1138 2000 28-42 28
2 Hensel ( ) Hensel





$\mathrm{K}$ $\mathrm{K}[u_{1}, \ldots , u\ell],$ $\mathrm{K}(u_{1}, \ldots, u\ell)$ $\mathrm{K}$ $u_{1},$ $\ldots$ ,
$(s_{1}, \ldots, s_{\ell})\in \mathrm{K}^{\ell}$ $(u_{1}, \ldots, u\ell)$ ,
$(s_{1}, \ldots, s_{\ell})$ $(u),$ $(s)$ $F(x, u)\in \mathrm{K}[x, u]$
$F(x, u)=f_{n}(u)x^{n}+f_{n-1}(u)x^{n}-1+\cdots+f_{0}(u)_{X^{0}}$ , $f_{0}(u)\neq 0$ . (1)
$F$ $x$ $\deg(F),$ $\iota_{\mathrm{C}(}F)$ $f_{i}(u)$
( ) $\mathrm{o}\mathrm{r}\mathrm{d}(fi)$ $f(u)/g(u)$
$\mathrm{o}\mathrm{r}\mathrm{d}(f/g)=\mathrm{o}\mathrm{r}\mathrm{d}(f)-\mathrm{o}\mathrm{r}\mathrm{d}(g)$ $F$ $G$ $\mathrm{g}\mathrm{c}\mathrm{d}(F, G)$ $F$
cont $(F),$ $\mathrm{P}\mathrm{p}(F)$ :cont $(F)=\mathrm{g}\mathrm{c}\mathrm{d}(fn’ fn-1, \cdots , f\mathrm{o})$ ,
pp(F)=F/cont(F) $F$ $G$ ( $x$ ) $\mathrm{r}\mathrm{e}\mathrm{m}(F, G)\text{ }$




$g_{k}(u)$ and $d_{k}(u)$ are homogeneous $\mathrm{w}.\mathrm{r}$.t. $u_{1},$ $\ldots,$ $u_{\ell}$ $(k=1,2, \ldots)$ ,
$0\leq \mathrm{o}\mathrm{r}\mathrm{d}(g_{1}/d_{1})<\mathrm{o}\mathrm{r}\mathrm{d}(g_{2}/d_{2})<\cdots<\mathrm{o}\mathrm{r}\mathrm{d}(g_{k}/d_{k})<\cdots$ .
(2)
$G(u)$ ( ) $\mathrm{K}\{(u)\}$
$(s_{1}, \ldots, s_{\ell})\in \mathrm{K}^{\ell}$ $f1(s)=f_{0}(s)=0$ Hensel
$f_{n}(s)=0$ $(s_{1}, \ldots, s_{\ell})$
$f_{n}(s)\neq 0,$ $f_{m}(s)\neq 0,$ $(n\geq m\geq 2)$ , $f_{m-1}(S)=\cdots=f_{0}(s)=0$
$\hat{F}^{(0)}(x)=x^{m}$ , $\tilde{F}^{(0)}(x)=f_{n}(s)_{X^{n}}-m+\cdots+f_{m}(s)x^{0}$ ,
$F(x, u)$ – Hensel
$F(x, u)\equiv\hat{F}^{(k)}(x, u)\tilde{F}(k)(x, u)$ $(\mathrm{m}\mathrm{o}\mathrm{d} (u-s)^{k+1})$




$\hat{F}(x, u)$ Sasaki-Kako Hensel
$u_{i^{-+tu}i}(i=1,$ $\ldots$ , $u_{1},$ $\ldots,$ $u\ell$
$t$ $\hat{F}(x, u)$ Newton Newton
$(\hat{F}(x, 0)=x^{m}$ )
1 (Newton line $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ and Newton polynomial $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(X,$ $u)$ for $\hat{F}(x,$ $u)$ )
(the case of non-singular leading coefficient)
1. For each monomial $cx^{ij}tu_{1}j1\ldots u_{\ell}^{j_{\ell}}$ of $\hat{F}$ ( $x$ , tu), with $c\in \mathrm{K}$ and $j=j_{1}+\cdots+j_{\ell}$ ,
plot adot at the point $(i, j)$ in the $(e_{x}, e_{t})$ -plane;
2 Let $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ be astraight line in $(e_{x}, e_{t})$ -plane, such that it passes the point $(m, 0)$ and
another dot plotted and that any dot plotted is not below $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ ;
3. Construct $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}$ ( $X$ , tu) by summing all the monomials which are plotted on $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$
Newton \mbox{\boldmath $\lambda$} $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ ( $x$ , tu) $x$ $t^{\lambda}$
) $\hat{I}_{k}$ Newton $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ $e_{x}/m+e_{t}/\mu=1$ $((0, \mu)$
$L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ et- ) $\hat{m}$ , $\hat{\mu}$ $\hat{\mu}/\hat{m}=\mu/m=\lambda,$ $\mathrm{g}\mathrm{c}\mathrm{d}(\hat{m},\hat{\mu})=1$
$\hat{I}_{k}=\langle x^{m}t(k+0)/\hat{m}, x^{m-1}t(k+\hat{\mu})/\hat{m}, \cdots, x^{0}t^{(m}k+\hat{\mu})/\hat{m}\rangle$ .
Newton $\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, u)$
$(\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, u)=\hat{G}(x, u)^{m}$ [SK99] )
$\{$
$\hat{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, tu)=\hat{G}_{1}^{(0)}$ ( $x,$ tu) $\cdots\hat{G}^{(0}\Gamma)$ ( $x$ , tu), $r\geq 2$ ,
$\mathrm{g}\mathrm{c}\mathrm{d}(\hat{G}_{i’ j}^{(0})\hat{G}(0))=1$ for any $i\neq j$ .
( $\hat{G}_{i}^{(0)}$ ( $x$ , tu) $tu_{1},$ $\ldots,$ $tu_{l}$ $x$ $tu_{1},$ $\ldots,$ $tu\ell$
4 )
$\hat{G}_{i}^{(k)}$ ( $x$ , tu) $(i=1, \ldots, r)$ – Hensel (
[SK99] )







$\mathrm{o}\mathrm{r}\mathrm{d}(f_{n})=\iota \text{ }>0$ , $f_{n}(0)=fi(\mathrm{o})=f_{0}(0)=0$ .
(3)
2 (Newton line $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ and Newton polynomial $F_{\mathrm{N}\mathrm{e}\mathrm{w}}(X,$ $u)$ for $F(x,$ $u)$ )
(the case of singular leading coefficient)
1. For each monomial $cx^{ij}t^{j1}u_{1}\cdots u_{\ell}^{jl}$ of $F$ ( $x$ , tu), with $c\in \mathrm{K}$ and $j=j_{1}+\cdots+j_{\ell}$ ,
plot a dot at the point $(i, j)$ in the $(e_{x}, e_{t})$ -plane;
2. Let $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ be a straight line in $(e_{x}, e_{t})- plane$, such that it passes the point ( $n$ , \iota ) and
another dot plotted and that any dot plotted is not below $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$ ;
3. Construct $F_{\mathrm{N}\mathrm{e}\mathrm{w}}$ ( $X$ , tu) by summing all the monomials which are plotted on $L_{\mathrm{N}\mathrm{e}\mathrm{w}}$
1 Newton 3
1 Newton :
Newton 1-1 $\lambda_{\text{ }}$ 1-3 \mbox{\boldmath $\lambda$} $\hat{n}$ , $\hat{\nu}$
$\hat{\nu}/\hat{n}=\lambda,$ $\mathrm{g}\mathrm{c}\mathrm{d}(\hat{n},\hat{\nu})=1$ [SK99] 1 Newton








$F$ ( $x$ , tu) 1-2 ,
$\frac{F(t^{\lambda}x,tu)}{t^{\nu+n\lambda}}$ 1-3 ,
(4)
$\overline{I}_{k}$ $=$ $\langle t^{k/I\hat{\ovalbox{\tt\small REJECT}}}\rangle$ , $k=1,2,3,$ $\cdots$ . (5)
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$F$ $\overline{F}$ Newton 1
$\overline{F}(x, u, t)$ Newton $\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, u, t)$
( $\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, u, t)=\overline{G}(x, u, t)^{m}$ [SK99]
)
$\{$
$\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(X, u, t)=\overline{G}_{1}^{(0)}(x, u, t)\cdots\overline{G}r(0)(x, u, t)$ , $r\geq 2$ ,
$\mathrm{g}\mathrm{c}\mathrm{d}(\overline{G}_{i’ j}^{(0}\overline{G})(0))=1$ for any $i\neq j$ .
(6)
$\overline{G}_{i}^{(k)}(x, u, t)(i=1, \ldots, r)$
$\overline{F}(x, u, t)\equiv\overline{G}_{1}^{(k)}(x, u, t)$ . .. $\overline{G}_{r}^{(k)}(x, u, t)$ (mod $\overline{I}_{k+1}$ ), $k=1,2,$ $\cdots$ . (7)
$\overline{G}_{i}^{(k)}(i=1, \ldots, r)$
’ ‘Moses-Yun











$\delta\overline{G}_{i}^{(k)}=\overline{W}_{i}^{(n)}\overline{d}_{ni}^{())_{\overline{d}^{(k}}}k+\overline{W}^{(-1}n)(k)(0\overline{d}_{n-1^{+}} :0)$ . (10)
1 [SK99] 1-3 [SK99]
Hensel –









$F_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, y)=x^{4}y^{2}+x^{3}y+2x^{2}=x^{2}\cdot(xy+2)$ . (xy–l).
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$G_{1}^{(0)}=x^{2},$ $G_{2}^{(0)}=xy+2,$ $G_{3}^{(0)}=xy-1$
$W_{1}^{(l)}\cdot F\mathrm{N}\mathrm{e}\mathrm{w}/G^{(}+10)(l)W_{2\mathrm{e}}$. $F_{\mathrm{N}/}\mathrm{w}G_{23\mathrm{W}}^{(0}$) $+WF \mathrm{N}}/(l).\mathrm{e}G^{(0)}3=x^{l}$ $(l=0,1,2,3)$
Moses-Yun $W_{i}^{(l)}(i=1,2,3)$ :
$W_{1}^{(0)}=-(xy+2)/4$ , $W_{2}^{(0)}=-y^{2}/12$ , $W_{3}^{(0)}=y^{2}/3$ ,
$W_{1}^{(1)}=-x/2$ , $W_{2}^{(1)}=y/6$ , $W_{3}^{(1)}=y/6$ ,
$W_{1}^{(2)}=0$ , $W_{2}^{(2)}=-1/3$ , $W_{3}^{(2)}=1/3$ ,
$W_{1}^{(3)}=0$ , $W_{2}^{(3)}=2/(3y)$ , $W_{3}^{(3)}=1/(3y)$ .
$k=1,2$ $\delta G_{i}^{(k)}$ $(G_{i}^{(k)}=G_{i}^{(k-1)}+\delta G_{i}^{(k)})$









$G_{1}^{(2)}=x^{2}+5xy/2$ , $G_{2}^{(2)}=xy+2+y+y^{2}/2$ , $G_{3}^{(2)}=xy-1+2y-3y^{2}$ .
4
$G_{i}^{(0)}$ ( $x$ , tu) $x$ $u_{1},$ $\ldots,$ $u\ell$
(4) $F$ ( $x$ , tu)
$G(x, u)\in \mathrm{K}\{(u)\}[x]$ Newton $\circ$
3 (Newton polygon for $G(x,$ $u)$ ) For each term $cx^{i}tju^{j}11\ldots u_{\ell}^{j\ell}/D(tu)$ of
$G$ ( $x$ , tu), where $c\in \mathrm{K},$ $j=j_{1}+\cdots+j_{\ell}$ and $D(u)$ is a homogeneous polynomial in
$u_{1},$
$\ldots,$
$u_{\ell}$ with $\mathrm{o}\mathrm{r}\mathrm{d}(D)=d$, plot a dot at the point $(i, j-d)$ in the $(e_{x}, e_{t})$ -plane. The
Newton polygon for $G(x, u)$ is a convex hull containing all the dots plotted.
2 1 3 Newton Newton
Newton $–$
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x2 1 3 Newton
[SK99] $G^{(0)}$ Moses-Yun $G^{(0)}$
$H^{(0)}\mathrm{d}\mathrm{e}\mathrm{f}=F_{\mathrm{N}\mathrm{e}\mathrm{w}}/G^{(0})$ – Hensel $G^{(k)}$
$G^{(0)},$ $H(0)$ $-$
$G^{(0)},$ $H^{()}0$
4 Hensel – $G^{(0)}(x, u)$
$W^{(l)}(l=0,1, \ldots, n-1)$ Hensel $G^{(k)}(k=1,2, \ldots)$ $\mathrm{K}(u)[x]$ :
$\{$
$W^{(l)}(x, u)\in \mathrm{K}(u)[x]$ $(l=0,1, \ldots, n-1)$ ,





$\mathrm{K}(u)$ $W^{(l)}\in \mathrm{K}(u)[x]$ $G^{(k)}(x, u)$ $F(x, u)$
$G^{(0)},$ $H^{(0)}\text{ }$ $\mathrm{K}(u)$
$G^{(k)}\in \mathrm{K}(u)[x]$ $G^{(0)},$ $H^{()}0$ $u_{1},$ $\ldots$ ,
$W^{(l)}$
$u_{1},$ $\ldots$ , up
$G^{(k)}$ $\blacksquare$
4 $F(x, u)$ Hensel
$\{$
$F$ ( $x$ , ) $\equiv G^{(k)}$ ( $x$ , tu) $H^{(k)}$ ( $x$ , tu) $(\mathrm{m}\mathrm{o}\mathrm{d} I_{k+}1)$ ,
$G^{(k)}(x, u),$ $H^{(}k)(x, u)\in \mathrm{K}(u)[x]$ ,
$(k=1,2, \ldots)$ . (13)
$F,$ $G^{(k)},$ $H^{(k)}$ Newton $N,$ $N’,$ $N”$
$(\mathcal{L}_{1}, \cdots, \mathcal{L}_{\rho}),$ $(\mathcal{L}_{1}’, \cdots, \mathcal{L}_{\rho}’),$ $(\mathcal{L}_{1}’’, \cdots, \mathcal{L}_{\rho}’’)$ $L_{i}’$ $\mathcal{L}_{i}^{JJ}$
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$-$ $0$ ( $\mathcal{L}_{i}’$ $0$ $\mathcal{L}_{i}’$ )
$i\in\{1, \ldots, \rho\}$ $F,$ $G^{(k)},$ $H^{(k)}$ $\mathcal{L}_{i},$ $\mathcal{L}_{i}’,$ $\mathcal{L}_{i}’’$
$F_{\mathcal{L}_{i}}(x, u),$ $F_{c_{i}}’’(X, u),$ $F_{c_{i}\prime}’’,(x, u)$
$\mathcal{L}_{i},$ $\mathcal{L}_{i}’,$ $\mathcal{L}_{i}’’$
(ni, $\nu_{i}$ ), $(n_{i’ i}’’U),$ $(n_{i}’’, \nu_{i}’’)$ $F_{\mathcal{L}_{1}}+\cdots$ +F
$F_{\mathcal{L}_{1}}+\cdots+F_{\mathcal{L}_{\rho}}=f_{n}^{(0)}(u)x^{n}+\cdots+f_{n_{1}}^{()}0(u)x^{n_{1}}+\cdots+f_{0}^{(0)}(u)$. (14)
5 $i\in\{1, \ldots, \rho\}$
1ength $(\mathcal{L}_{i}’)=0$ $F_{\mathcal{L}_{i}}’,(x, u)=1$
$G^{(k)}H^{(k)}$ Newton $N$ $G^{(k)}H^{(k)}$ $F_{\mathcal{L}_{1}},$ $\ldots,$ $F_{c_{\rho}}$
$F_{\mathcal{L}_{i}}$
$G^{(k)}H^{(k)}$ $G^{(k)}$ $H^{(k)}$ Newton
( $\mathcal{L}_{i}’$ $\mathcal{L}_{j}’’$ $F_{\mathcal{L}\mathcal{L}_{j}}’,$$\cdot F’$’
$-$ ) $N$ $N’$ $N”$
$(\mathcal{L}_{1’ 1}’\mathcal{L};’),$
$\ldots,$
$(\mathcal{L}_{\rho}’, c_{\rho}’’)$ (15) $\blacksquare$
$\rho\geq 2$ $n_{0}=n$ $u_{1},$ $\ldots,$ $u\ell$
–
$F_{\mathcal{L}_{1}}$
$F_{\mathcal{L}_{1}}(x, u)=x^{n_{1}}F_{1}^{(0)}(x, u)$ $F_{1}^{(0)}(x, u)$
$\mathrm{K}[x, u]$
$\{$
$F_{\mathcal{L}_{1}}(x, u)=x^{n_{1}}\cdot \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}(Fc_{1})G_{11}^{(0)}(X, u)\cdots G_{1}^{()}0r_{1}(x, u)$ ,
$\mathrm{g}\mathrm{c}\mathrm{d}(G_{1j’ 1j^{)}}^{(}0)G^{(},)0=1$ for any $j\neq j’$ ,
$G_{1\dot{\tau}}^{(0)}\emptyset\yen\backslash 3\pi\ovalbox{\tt\small REJECT}\backslash \not\cong i\iota \mathrm{g}\mathrm{i}1[]_{\mathrm{c}}^{\vee}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}(\mathrm{b}\not\supset- 6$ .
(16)
$G_{1j}^{(0)}$ 1 .
$x^{n_{1}}$ $G_{1j}^{(0)}(x, u)(j=1, \ldots, r_{1})$ Hensel $F(x, u)$
$(F_{2}(x, u)$ $x^{n_{1}}$ Hensel )
$F(x, u)=F_{2}(x, u)\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{t}(Fc_{1})G_{11}^{(\infty)}(X, u)\cdots G_{1}^{(\infty)}r_{1}(x, u)$ .
5 $F_{2}(x, u)$ Newton $\mathcal{L}_{2},$ $\ldots,$ $\mathcal{L}_{\rho}$
$F_{\mathcal{L}_{2}}(x, u)\Leftrightarrow$ [ $\mathrm{N}\mathrm{e}\mathrm{W}\mathrm{t}_{\mathrm{o}\mathrm{n}}$ polynomial for $F_{2}(x,$ $u)$ ]
$F_{\mathcal{L}_{2}}(x, u)=$ [Newton polynomial for $F_{2}(x,$ $u)f_{n_{1}}(0)(u)$ ].
$F_{\mathcal{L}_{2}}(x, u)$ $\mathrm{K}[x, u]$
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6( ) $F(x, u)$ $\mathrm{K}\{(u)\}[X]$
$F(x, u)=f_{0}^{(0)}(u) \prod_{=i1}\rho\lceil\hat{g}_{i}(u)\cdot G_{i1}(\infty)(x, u)\cdots G_{i}^{()}\infty(r_{i}ux,)\rceil$ ,
$\hat{g}_{i}(u)=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}(Fc_{i})/f_{n_{i}}^{(0)}(u)$ $(i=1, \ldots , \rho)$ ,
$G_{i1}^{()}\cdots G_{ir_{i}}0(0)=\mathrm{p}\mathrm{p}(Fci)$ $(i=1, \ldots, \rho)$ , (17)
$\mathrm{g}\mathrm{c}\mathrm{d}(G_{i}^{(0)}, c(0,))jij=1$ for any $j\neq j’$ ,
$G_{ij}^{(\infty)}(x, u)\in \mathrm{K}\{(u)\}[X]$ $(j=1, \ldots, r_{i})$ .
$F(x, u)$ (17) $1\sim$ 4
5 $i$ $G_{ij}^{(0)}(x, u)\in \mathrm{K}[x, u]$
Hensel $G_{ij}^{(0)}(X, u)$ $G_{ij}^{(0)}(X, u)$ Newton
$k$
$c_{ij}^{(k)}(X, u)\in \mathrm{K}\{(u)\}[X]$ $\blacksquare$
$\mathcal{L}_{1}\Rightarrow \mathcal{L}_{2}\Rightarrow\cdots\Rightarrow \mathcal{L}_{\rho}$ Hensel $\mathcal{L}_{\rho}\Rightarrow$
$\mathcal{L}_{\rho-1}\Rightarrow\cdots\Rightarrow \mathcal{L}_{1}$ Hensel
$\mathcal{T}_{\mathrm{R}\mathrm{e}\mathrm{v}}$ : $F(x, u_{1,\}}\ldots u\ell)\vdasharrow x^{n}F$ ( $1/x,$ $u_{1},$ $\ldots$ , up). (18)
Hensel (17) $G_{ij}^{(\infty)}$
$H_{ij}^{(\infty)}$
7 $i\in\{1, \ldots, \rho\}$ $G_{i1}^{(0)},$
$\ldots,$
$Gir(0_{i})$ $H_{i1}^{(0)\ldots(0}H$
) , $(x, u)$
$r_{i}=r_{i}’$ $G_{ij}^{(\infty)}(x, u)=Uij(u)H_{i}(\infty)j(x, u)(j=1, \ldots, r_{i})$
$U_{ij}\text{ }\mathrm{K}\{(u)\}$
$\mathrm{K}[x, u]$ $F_{\mathcal{L}_{i}}(x, u)$ $-$ $r_{i}=r_{i}’$
$G_{ij}^{(0)}=H_{ij}^{()}0(j=1, \ldots, r_{i})$ $G_{ij}^{(\infty)}$
$H_{ij}^{(\infty)}$ $\mathrm{K}\{(u)\}[X]$ $F(x, u)$ $i\neq i’$ $j\neq j’$
$c_{ij}^{(\infty)}\psi H_{ij}^{(},\infty$
), $i\neq i’$ $G_{ij}^{(\infty)}$ $H_{ij’}^{(\infty)}$, Newton
$i\neq i’$ $\mathrm{g}\mathrm{c}\mathrm{d}(G_{ij}^{()}, H_{ii’}0(,0))=1$ $G_{ij}^{(\infty)}|H_{ij}^{(}\infty$
)
$G_{ij}^{(\infty)}$ Newton $1+ \frac{g(u)}{h(?4)}\in \mathrm{K}\{(u)\}$
$\mathrm{K}\{(u)\}$ $\blacksquare$
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2 ( 1 ) 7 ( 2 )
$F(x, y)$ $=$ $x^{4}y^{2}+x^{3}(3y^{2}+y)+x^{2}(y^{3}-2y^{2}+3y-2)$
$+x(3y^{3}-9y^{2}-5y)+(-2y-45y+3\mathrm{s}2y)$ .
(17) 6 Hensel
$F_{2}^{(6)}$ $=$ $x^{2}+x(5y/2+33y^{2}/4+9y^{3}/2 - 259y^{4}/8-4537y^{5}/32)$
$-3y^{2}/2+y^{3}/4+19y^{4}/4$ ,
$G_{11}^{(6)}$ $=$ $xy+2+y+y^{2}/2-5y^{3}/4+y^{4}/2+3y/58-39y/632$ ,
$G_{12}^{(6)}$ $=$ $xy-1+2y-3y^{2}-7y^{3}-5y^{4}+32y^{5}+143y^{6}$ .
$F_{2}^{(0)}=x^{2}$ $F_{2}^{(6)}$ Hensel ( $F_{2}^{(6)}$ 2
)
$F_{2}^{(6)}$
$\equiv$ $G_{21}^{(2)}\cdot G_{22}^{(2)}$ (mod $\langle x^{2}y,$ $Xy,$$ \rangle 234$ ),
$G_{21}^{(2)}$ $=$ $x+3y+7y^{2}+5y^{3}$ ,
$G_{22}^{(2)}$ $=$ $x-y/2+5/4y-21/2y^{3}$ .
(19) Hensel $F(x, y)$ (18) $\mathcal{T}_{\mathrm{R}\mathrm{e}\mathrm{v}}$ $\overline{F}(x, y)$
Newton $\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, y)$
$\overline{F}(x, y)$ $=$ $x^{4}(3y^{2}-5y-32y)4+x^{3}(-5y-9y^{2}+3y^{3})$
$+x^{2}(-2+3y-2y+2y3)+x(y+3y)2+y2$ ,
$\overline{F}_{\mathrm{N}\mathrm{e}\mathrm{w}}(x, y)$ $=$ $3x^{4}y^{2}-5_{X^{3}}y-2x2=(3x^{2})\cdot(xy+1/3)$ . (xy–2).
$\overline{F}_{1}^{(0)}=3x^{2},\overline{H}_{21}^{(0)}=xy+1/3,\overline{H}_{22}^{(0)}=xy-- \mathit{2}$ $\overline{F}$ $(x, y)$ Hensel 4
Hensel -elv
$F_{1}^{(4)}$ $=$ $-x^{2}(3y^{2}/2)-X(3y/2+17y^{2}/4 - 37y^{3}/4)+3-5y-2y^{2}$,
$H_{21}^{(4)}$ $=$ $x(1/3-7y/9+34y^{2}/27+155y^{3}/81+250_{y^{4}}/243)+y$ ,
$H_{22}^{(4)}$ $=$ $-x(2+5y+21y^{2}/2+79y^{3}/4+40y^{4})+y$ .
7 $\{G_{21}^{(\infty)}, G_{22}\}(\infty)\Leftrightarrow\{H_{21}^{(\infty)}, H_{22}\}(\infty)$
$U_{2j}(u)$ 1
( $H_{2j}^{(\infty)},(j=1,2)$ !):





$\ell=1$ (2) $G(u)$ $u_{1}$ $G^{(k)}(x, u_{1})$
$\ell\geq 2$
$F(x, u)$ $\mathrm{K}[x, u]$ $F(x, u)=G(x, u)H(x, u)$
6 (17) Hensel $G(x, u)$
$H(x, u)$ ( $f_{0}^{(0)}(u)$ $\hat{g}_{1}(u),$ $\ldots,\hat{g}_{\rho}(u)$
) Hensel
Hensel
$G_{ij}^{(k)}(x, u)$ – $u_{1},$ $\ldots$ , up
8 (integral and rational Hensel factors) If aHensel factor $G_{ij}^{(\infty)}(x, u)$ in (17)
is an integral power series in $u_{1},$ $\ldots,$ $u_{\ell}$ then we call it integral, otherwise rational.
$\mathrm{K}$
$u_{1},$ $\ldots,$
$u\ell$ $\mathrm{K}\{u\}$ $\mathrm{K}[x, u]\subset \mathrm{K}\{u\}[x]\subset \mathrm{K}\{(u)\}[X]$




$G^{(0)},$ $H^{()}0$ $W^{(l)},$ $V^{()}\iota$
$\{$







$\deg(V^{(\iota)})<m$ , $\deg(W^{(\iota)})<n’$ ,










$h_{m}$ .. . $h_{1}$ $h_{0}$ $0$
.. . ..$\cdot$.
$h_{m}$ $h_{1}$ $0$
$/\mathrm{r}\mathrm{e}\mathrm{s}(G^{(0}),$ $H(0))$ , (22)
$W^{(0)}$ $=$ [replace the last column by $(0,$ $\cdots,$ $0,$ $x^{n’-1},$ $\cdot=\cdot,$ $x^{0})^{\mathrm{T}}$ ]. (23)
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$l\geq 1$ $V^{(l)}$ W(\sim
$V^{(l)}=\mathrm{r}\mathrm{e}\mathrm{m}(x^{\iota}V(0), H(0))$ , $W^{(l)}=\mathrm{r}\mathrm{e}\mathrm{m}(x^{\iota}W^{(0}),$ $G(0))$ . (24)
$H^{(0)}=x^{m}$ $V^{(l)}$ $W^{(l)}$





$\{$ $–\vee V^{()}\iota,G|\backslash \mathrm{r}=X^{\iota.(}-\prime \mathrm{n})\mathrm{I}\mathrm{n}\mathrm{V}\langle 0)x^{m}-\iota\rangle-,$
$\prime \mathrm{n}\backslash$





$=$ [Inverse of $G^{(0)}$ modulo $x^{m-l}$ ]. (27)
9 Hensel $G^{(\infty)},$ $H^{(\infty)}$ rational
$\mathrm{r}\mathrm{e}\mathrm{s}(G^{(0)}, H(0)),$
$g_{n’},$ $h_{m}$ , $H^{(0)}=x^{m}$
$G^{(\infty)}$ $H^{(\infty)}$
$g\mathit{0}$
Hensel $F,$ $G^{(0}$), $H^{(0}$ ) $\in \mathrm{K}[x, u]$ $V^{(l)},$ $W^{(\iota}$ )
$u_{1},$ $\ldots$ , Hensel
(22), (23) $V^{(0)},$ $W^{()}0$ $\mathrm{r}\mathrm{e}\mathrm{s}(G(0), H(0))$
$V^{(l)},$ $W^{()}l(l\geq 1)$ $H^{(0)},$ $G^{(0)}$ $h_{m},$ $g_{n’}$
$H^{(0)}=x^{m}$ 1 $\mathrm{r}\mathrm{e}\mathrm{s}(x, G^{(}m0))=g_{0}^{m}$ $G_{\mathrm{I}\mathrm{n}}^{()}0_{\mathrm{V}\langle x^{m-\iota_{\rangle}}}$
go $(G_{\mathrm{I}\mathrm{n}\mathrm{v}\langle x^{m-l}}^{(0})\rangle$ $G^{(0)}$ $G^{(0)}$
$x$ 1 $G^{(0)}$ $g\mathit{0}$
$G_{\mathrm{I}\mathrm{n}}^{()}0_{\mathrm{V}\langle x\rangle}=1/g\mathit{0},$ $G_{\mathrm{I}\mathrm{n}\mathrm{V}}^{(0)}\langle x^{2}\rangle=-g_{1}x/g_{0}^{2}+1/g_{0\text{ }}$ )
$\circ$
$\blacksquare$
2 9 6 $\mathcal{L}_{i}$ Hensel
$\mathcal{L}_{i+j}(j\geq 1)$ Hensel $f_{n}^{(0)}i$
10 $-$ integral rational Hensel integral
( )
rational Hensel integral
$G^{(\infty)}$ integral $H^{(\infty)}$ rational $H^{(\infty)}$ $T/h$
$G^{(\infty)}H^{(\infty}$ ) integral $G^{(0)}T/h$ $h$
$T$ $h$ $G^{(0)}$ $h$
$G^{(0)}$
$G^{(\infty)}$ $H^{(\infty)}$ rational $g,$ $h$
$G^{(\infty)}=G^{(0)}+\cdots+S/g+\cdots$ , $H^{(\infty)}=H^{(0)}+\cdots+T/h+\cdots$ .
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$H^{(0)}=gQ_{H}+\hat{H}^{(0)}\text{ }Q_{G},$ $Q_{H}\in \mathrm{K}[x, u]$ $G^{(\infty)}H^{(\infty}$ ) integral
$G^{(0)}T/h+H^{(0)}S/g\in \mathrm{K}[x, u]\Rightarrow\hat{G}^{(0)}T/h+\hat{H}^{(0)}S/g\in \mathrm{K}[x, u]$
$\hat{G}^{(0)}$ $T$ $h$ $\hat{H}^{(0)}$ $S$ $g$
$\deg(\hat{G}(0)\tau)=\deg(\hat{H}^{(0)}S)$ $g\cdot 1\mathrm{c}(\hat{c}^{()}0)---h\cdot 1\mathrm{c}(\hat{H}^{(0}))$
$\mathrm{g}\mathrm{c}\mathrm{d}(g, h)=1$ $g|1\mathrm{c}(\hat{H}^{(0})),$ $h|1\mathrm{c}(\hat{G}^{(0}))\Rightarrow g|1\mathrm{c}(H^{(0}))$ ,
$h|1\mathrm{c}(G^{(\mathit{0}}))$ $G^{(0)}$ $H^{(0)}$ $h$ $g$
$h|G^{(0)},$ $g|H^{(0)}$ $G^{(0)}$ $H^{(0)}$
$g,$ $h$
$g=c\hat{g},$ $h=c\hat{h},$ $\mathrm{g}\mathrm{c}\mathrm{d}(\hat{g},\hat{h})=1$ $G^{(\infty)}H^{(\infty}$
) integral
$\hat{g}$ , $\blacksquare$
3 10 integral (rational) Hensel integral
(resp., rational) –
10 Hensel




3 3 $F(x, y, z)$ ( 2 )





$F(x, y, z)$ Newton $F_{\mathcal{L}_{1}}$
$F_{\mathcal{L}_{1}}=x^{4}(y^{2}-z^{2})+x^{3}(y+3z)-\mathit{2}X^{2}=x^{2}\cdot[x(y-z)+\mathit{2}]\cdot[x(y+z)-1]$.
$F_{2}^{(0)}=x^{2},$ $G_{11}^{(0)}=x(y-z)+2,$ $G_{12}^{(0)}=x(y+z)-1$ $F_{2}^{(0)},$ $G_{11}^{(0)},$ $G_{12}^{(0)}$
40
Moses-Yun $V_{2}^{(l)(\iota)},$$W_{11},$ $W_{12}^{(l)}(l=0,1,\mathit{2},3)$
$V_{2}^{(0)}=-[x(y+3_{Z})+\mathit{2}]/4,$ $W_{11}^{(0)}=-(y-Z)^{3}/(12y+4_{Z}),$ $W_{12}^{(0)}=(y+z)3/(3y+Z)$ ,
$V_{2}^{(1)}=-x/2$ , $W_{11}^{(1)}=(y-z)^{2}/(6y+2_{Z})$ , $W_{12}^{(1)}=(y+z)2/(3y+z)$ ,
$V_{2}^{(2)}=0,$
’
$W_{11}^{(2)}=-(y-Z)/(3y+z)$ , $W_{12}^{(2)}=(y+z)/(3y+z)$ ,




$F_{2}^{(2)}$ $=$ $x^{2}+5xy/2$ ,
$G_{11}^{(2)}$ $=$ $x(y-z)+2+(y+2z)+(y2/ \mathit{2}-yz/6-4Z^{2}/9)+\frac{4z^{3}/9}{3y+z}$
$G_{12}^{(2)}$ $=$ $x(y+z)-1+(2y-z)-(3y^{2}+10yz/3+2_{Z^{2}}/9)+ \frac{2z^{3}/9}{3y+z}$ .
$G_{11}^{(2)}\cross G_{12}^{(2)}$ 2
$G_{11}^{(2)}$ G $\mathcal{L}_{1}$ Hensel $\mathcal{L}_{2}$ Hensel
(28) $\mathcal{L}_{2}$ Newton $F_{\mathcal{L}_{2}}$
$F_{\mathcal{L}_{2}}=-2x^{2}-5xy+3y^{2}=-2(x+3y)(x-y/2)$ .
$G_{21}^{(0)}=x+3y,$ $G_{22}^{(\mathit{0})}=x-y/2$ $W_{2j}^{(l)}(j=1,2)$
$W_{21}^{(0)}=-2/(7y)$ , $W_{22}^{(0)}=2/(7y)$ ,
$W_{21}^{(1)}=6/7$ , $W_{22}^{(1)}=1/7$ .




$G_{2}^{(0)}$ Hensel 3 Hensel $G_{1}^{(\infty)},$ $G_{2}^{(}\infty$ )
$F(x, y, z)$ $\blacksquare$
4 Hensel
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